We consider the branching and annihilating random walk A → 2A and 2A → 0 with reaction rates σ and λ, respectively, and hopping rate D, and study the phase diagram in the (λ/D, σ/D) plane. According to standard mean-field theory, this system is in an active state for all σ/D > 0, and perturbative renormalization suggests that this mean-field result is valid for d > 2; however, nonperturbative renormalization predicts that for all d there is a phase transition line to an absorbing state in the (λ/D, σ/D) plane. We propose here a simple "site" mean-field theory which with a minimum of effort reproduces the nonperturbative phase diagram both qualitatively and quantitatively for all dimensions d > 2. We expect the approach to be useful for other reaction-diffusion processes involving absorbing state transitions.
Introduction
Branching and annihilating random walks (BARW [1] ) have been the focus of much attention [2, 3, 4, 5, 6, 7] , as they embody simple models to investigate nonequilibrium critical phenomena observed in physics and other sciences (for reviews see, e.g., [8, 9, 10] ). They are very generic reaction-diffusion processes, consisting of particles of a species A that move stochastically on an arbitrary d-dimensional lattice and are subject to the creation and annihilation reactions A σm −→ (m + 1)A and kA λ k − → 0. These systems exhibit nonequilibrium phase transitions, which have been found to belong to two distinct universality classes, depending on the parity of m and k: the "Parity Conserving" class (for m and k even) and the "Directed Percolation" class (for m odd) [5, 8] . We will be interested here in the Directed Percolation class, whose models are generally denoted "odd-BARW". Since it suffices to capture the essential critical properties [5] of this class, our focus will be specifically on its simplest example, which in this work we will call for short the "OBA model" (odd branching and annihilating walks). It is defined by where σ and λ are on-site creation and annihilation rates, respectively, and D is a hopping rate between adjacent sites. If the lattice has coordination number c, this means that a particle will leave its lattice site at a rate cD. Although the Directed Percolation universality class of the OBA model is well-established [5] , its phase diagram appears much more difficult to determine, and is the subject of this paper.
In standard mean-field (MF) theory [8, 5 ] the OBA model is described by the rate equation
where ρ(r, t) ≥ 0 is the particle density and in which one of the three parameters D, σ, and λ can be scaled away. For all branching ratios σ ≥ 0 Eq. (1.2) has two spatially uniform stationary solutions, the "absorbing state" ρ 0 = 0 and the "active state" ρ * = σ/λ. For σ > 0 the active state is stable and is reached exponentially fast in time from any initial state with ρ > 0. For σ = 0 the OBA model coincides with the pure pair annihilation process (PA) and corresponds to a critical point at which the absorbing state is reached according to the power law decay ρ(r, t) ∼ t −1 .
On a lattice in finite dimension d the question of the stationary states is much more difficult to answer. For σ = 0, i.e. for the PA, perturbative renormalization group analysis has shown [11, 5] that below the PA critical dimension d c = 2 the decay to the absorbing state slows down due to depletion zones (anticorrelations) in the spatial density distribution, leading to the power law ρ(r, t) ∼ t −d/2 . Early simulations of the OBA model [3, 4] have shown that for d = 1 and d = 2 absorbing states exist even in an interval of branching ratios σ > 0, in contradistinction to MF theory. This indicates, therefore, that lowdimensional fluctuations qualitatively change the "phase diagram" of this system in the (λ, σ) plane.
Cardy and Täuber [5] have formulated a field theory for general BARW which they have analyzed by perturbative renormalization group techniques. For the OBA model they conclude that in dimension d ≤ 2 a mimimum branching ratio σ c is needed in order for the system to be able to sustain an active state. For small λ the critical value σ c behaves as
Cardy and Täuber infer, however, that for d > 2 MF theory is valid and the system is active for all σ > 0. This picture was modified by an analysis due to Canet et al. [6, 7] , who employed nonperturbative renormalization group (NPRG) techniques. They demonstrated that in all finite dimensions d > 2 there is a threshold λ c such that (i) for λ < λ c the MF result of an active state for all σ > 0 remains true, but
(ii) for λ > λ c there is an active state only when σ > σ c (λ). Hence according to the work of Ref. [6, 7] standard MF theory fails dramatically for this system. Following this failure, the OBA model has been re-investigated [13] by means of an alternative MF type approximation, namely the "cluster MF method", also called "generalized MF method", originally proposed for nonequilibrium systems in [12] . This approach consists in considering the master equation for blocks of N sites, which is studied numerically or by simulation. The choice of N plays a significant role and the results have to be carefully analyzed in this respect. By extrapolating numerical or simulation data to large N (in which limit the full master equation is recovered), one may infer the correct behaviour of the OBA (and other) models in low dimensions, d = 1 and d = 2 [13] . In higher dimensions smaller values of N suffice. From cluster MF simulations of the OBA model in d > 2 Odor [13] has been able to confirm the existence of a finite threshold λ c above which an inactive phase exists.
The purpose of this paper is to set up a simple analytically manageable MF argument that correctly predicts the existence of an absorbing phase. We propose a new "site" MF theory which allows for analytic results to be easily obtained. For the OBA model these results closely reproduce the NPRG phase diagram, including its dimensional dependence, for all dimensions d > 2.
We believe that in future studies this method may find application to other reaction-diffusion processes having absorbing states and that it may provide essential information about their phase diagrams ahead of any more sophisticated work on them.
In section 2 we define our "site" MF theory for the OBA model, which for short we will refer to as the "SMF model." It differs from the OBA model in that all diffusion steps take the diffusing particle to a new empty site. This feature reduces the SMF model effectively to a single-site problem and makes it exactly soluble. We obtain the solution in section 2.2. We show in section 2.3 that the model tends to an absorbing state in a specified region of the (λ/D, σ/D) plane whose shape we discuss in section 2.4. Our results are qualitatively and quantitatively fully consistent with the NPRG results. In section 3 we make our concluding remarks.
2 Site mean-field theory
Definition
We define the SMF model as follows. The stochastic motion of its particles is governed by the rules: (i) Each particle is subject to the on-site creation reaction A → 2A at a rate σ.
(ii) Each pair of particles on the same site is subject to the annihilation reaction 2A → 0 at a rate λ. These two rules are therefore the same as in the original OBA model.
(iii) Each particle may hop away from its site at a rate cD and always arrives on an empty lattice site (of some abstract lattice that need not be specified). This rule differs from the corresponding one in the OBA model; it means that in the SMF model the notion of lattice structure is largely lost.
For D = 0 the two models are identical; we therefore expect the SMF model to be a good approximation of the OBA model in the small diffusion regime.
Solution
To see that the SMF model is exactly soluble, it suffices to note that no particle ever enters a site from the outside and that therefore each site has a dynamics independent of the other sites; a site's occupation number evolves only due to on-site creation and annihilation transitions and to departures. The solution therefore decomposes into the analysis of the time evolution on a single site given its initial condition at some time t 0 , and the analysis of the coupling between sites due to the diffusion mechanism. These two questions are studied in subsections 2.2.1 and 2.2.2, respectively.
Single-site problem
Let P (n, t) be the probability that a specific site contains exactly n particles at time t. Then this probability satisfies the master equation
for n = 0, 1, 2, . . . and with the convention that P (−1, t) ≡ 0. Here the lattice coordination number c is the only parameter reminiscent of the original lattice. We introduce the scaled variables
and set P (n, t) = p(n, τ ). Defining the vector p(τ ) = (p(0, τ ), p(1, τ ), . . .) we may write (2.1) as dp dτ = Mp,
where M is the tetradiagonal matrix
Eqs. (2.3)-(2.4) constitute a problem with two parameters,D andσ. Except whenσ =D = 0 we expect Eq. (2.3) to have only a single stationary solution, viz. p st (n) = δ n,0 , even though for largeσ there will be a long-lived "metastable" state. Whenσ =D = 0 the particle number can change only by pair annihilation, which is a parity conserving process. There will then be two independent stationary states, viz. p st 0 (n) = δ n,0 and p st 1 (n) = δ n,1 . We will write G nn 0 (τ − τ 0 ), where τ − τ 0 ≥ 0, for the solution of Eq. (2.3) with initial condition p(n, τ 0 ) = δ nn 0 . It is not possible in the general case to write this solution in an explicit closed form, but we will suppose that all its essential properties can be determined. In particular we assume that, except whenσ = 0, for τ → ∞ the function G nn ′ (τ ) tends to zero exponentially at some time scale 1/µ 1 (σ,D),
where necessarily µ 1 (σ,D) > 0. Whenσ = 0 we have µ 1 (0,D) = 0 and
This completes the discussion of the single site problem.
Coupling between sites
Let at time τ = 0 the initial state be such that there are S n (0) sites with occupation number n, where n = 1, 2 . . . . The total initial particle number N(0) is then given by
We are interested in the average number N(τ ) of particles at some arbitrary instant of time τ > 0; here . . . denotes an average with respect to the initial distribution of the S n (0) and the stochastic time evolution. We will proceed by first calculating the averages S n (τ ) . There are two types of sites, those that are occupied initially, and those that get occupied only later during the time evolution due to diffusion steps. We denote the contribution of these two types of sites by superscripts (0) and (1), respectively, so that
Upon considering the time evolution of the initially occupied sites we find
Throughout the time interval 0 < τ ′ < τ new occupied sites are created due to diffusion steps at a rateD N(τ ′ ) . Hence
Summing Eqs. (2.9) and (2.10) yields
When multiplying this equation by n and summing on n we obtain 12) which is a closed equation for N(τ ) . For convenience let us now restrict the initial states to those that have only singly occupied sites; that is, we take S n (0) = N(0)δ n1 . This clearly does not affect the long time behaviour of the system so it does not restrict the generality of our argument. Furthermore we define
When substituting the previous definitions in Eq. (2.12) we find
In terms of the Laplace transformŝ 
which may be inverse Laplace transformed to N(τ ) . This completes the solution of the SMF model.
Existence of an absorbing phase
Because of Eqs. (2.13) and (2.5) the decay of H(τ ) will be characterized by the same µ 1 as that of G nn ′ (τ ). Let us suppose that H(τ ) = e −µ 1 τ , so that H(s) = 1/(µ 1 + s). Then Eq. To analyze this equation we consider first the special caseD = 0. In this case the SMF model is described by a single-site master equation identical to Eq. (2.1) but withD = 0. It reaches the absorbing state exponentially fast at an asymptotic rate µ 1 (σ, 0) which for 0 <σ < ∞ satisfies
We note that µ(0, 0) = 0 as emphasized in section 2.2.1 and that we must furthermore have limσ →∞ µ(σ, 0) = 0, since the decay of the metastable state becomes infinitely slow in that limit. We invoke now continuity of µ 1 (σ, shows that the region of phase space to which our proof applies, recedes to infinity as c → ∞. This, too, corroborates the NPRG results of Ref. [7] which indicate that an absorbing phase exists in all finite dimensions. It also matches with standard MF theory, which has effectively d = ∞, and no absorbing phase in this limit. 
Analysis of the phase diagram
In this section we analyze in greater details the location of the phase transition line in the (λ/D, σ/D) plane defined by Eq. (2.20). We show that it intersects the λ/D axis at some finite value λ/D = λ c /D, and with a positive slope. To do so we determine µ 1 (σ,D) for arbitraryD perturbatively in smallσ. To linear order inσ, the result, derived in the Appendix, is
Combining this expression with criterion (2.18) we see that forσ → 0, the system will tend towards an absorbing state at the condition that and in which the last equality is for the case of a hypercubic d-dimensional lattice.
The variation of the threshold λ c /D with the dimension has also been obtained [7] within NPRG. Indeed, from Fig. 1 , which is for hypercubic lattices, this variation appears to be linear, λ c /D ≃ ∆ NPRG d with the slope equal to ∆ NPRG ≈ 2.2 (as estimated in [7] ). This result is in very close agreement with our Eq. (2.23), which when rewritten as λ c /D = 2d yields ∆ = 2 for the same slope. The second order correction inσ to µ 1 can also be worked out, as shown in the Appendix, and allows for the determination of the slope of the transition line. To second order the smallest eigenvalue is given by
According to the criterion of Eq. (2.18) the phase transition line between the active and the absorbing phases is defined by the condition µ 1 −D = 0. Substituting (2.24) in this condition, dividing outσ, writingσ = (σ/D)(D/c), and using thatσ,D − 1, and λ/D − c are of the same order we find compares favorably with the NPRG phase diagram of Fig. 1 , where the phase transition lines appear to be merely drifting as the dimension grows, with a quasi-constant slope α NPRG numerically equal to α NPRG ≈ 2.3 [14] .
The results of this section are summarized in Fig. 2 , which shows that our site MF theory captures all the essential features of phase diagrams of the OBA model in d > 2. It allows in particular to probe the dependence on the dimension, which is beyond the scope of standard MF approach.
Discussion
The SMF model may be formulated in an alternative but equivalent way which preserves the original lattice structure. We briefly discuss this now. This formulation requires the notion of a "family" of particles: a family consists of a particle having arrived on a (not necessarily empty) site due to a diffusion step (or having been placed there initially), together with all the offspring it has generated on that site and which has never left it. Consequently, the particles on each site may at any time be partitioned into families. When a particle performs a diffusion step, it leaves its family and starts a family of its own on its arrival site.
We may then replace rules (ii) and (iii) of section 2.1 by the following: (ii ′ ) Each particle can annihilate (at a rate λ per pair) only with other members of its own family on that site.
(iii ′ ) Each particle performs diffusion steps to neighboring sites with a rate D per transition; for coordination number c this means that a particle will leave its site at a rate cD.
This formulation clearly brings out that the two-particle annihilation in the SMF model is subject to more restrictive conditions than in the original OBA model. This makes it tempting to believe that the SMF average total particle number is an upper bound to the same quantity in the OBA model. We have not been able to prove this.
Our second remark concerns the absorbing phase. For creation rate σ = 0 the time evolution conserves parity and the equilibrium state consists of only singly occupied sites whose number, called S 1 (∞) = N(∞), is constant in time. This equilibrium state replaces in the present approach the slow 1/t decay with time observed in the OBA model.
Our third remark concerns what happens at and below the PA critical dimension. For d ≤ d c = 2 the renormalisation group (both perturbative and nonperturbative) predicts that in the OBA model the threshold λ c vanishes. In the SMF model this would correspond for instance to D c (0) → ∞ in Eq. (2.20) for d ≤ 2. We have not investigated this point further, since the behaviour of the system for small λ/D and σ/D corresponds to the large diffusion regime, for which we do not a priori expect the SMF model to be a good description of the OBA model.
Conclusion
We have formulated a simple new mean-field theory for reaction-diffusion problems with an absorbing-state transition. Its characteristic feature is that it forbids annihilation reactions when one or more of the participating particles have moved from the site where they were originally created. The approach then leads to what is essentially a single-site calculation, which allows consequences to be determined analytically.
We have shown that the present theory allows to describe the main properties of the phase diagram that is predicted by nonperturbative renormalization for the OBA model A → 2A and 2A → 0.
If we modify the matrix M by suppressing its subdiagonal (of elements 0,σ, 2σ, 3σ, . . .), it becomes upper triangular. This modified matrix has eigenvalues −ν k given by its diagonal elements, i.e.,
Hence its smallest nonzero eigenvalue is ν 1 =D +σ. Restoring now the subdiagonal will change the ν k and we will calculate this change perturbatively to second order inσ. That is, we will look for a solution µ = µ 1 of Eq. (A.5) which has the form
The nonzero eigenvalues µ of M satisfy
A cofactor expansion of (A.4) along the column n = 0 gives 
det M (2) + µ 1 1
. (A.6)
The first order correction ν 
